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The problem of track-to-track association–a prerequisite for

the fusion of tracks–has been considered in the literature for tracks

described by kinematic states and, more recently, has been general-

ized to include additional (continuous valued) feature and (discrete

valued) attribute variables which pertain to those tracks. These

approaches allow the search for the maximum likelihood (ML) or

maximum a posteriori (MAP) association. However, while for kine-

matic variables there is a “gating” procedure based on a Gaus-

sian distribution–which corresponds to a Neyman-Pearson test of

“common origin” (actually, “same kinematic state”) with selectable

power–there is no simple counterpart of this for attributes. The

sufficient statistic for the optimal association test (in the Neyman-

Pearson sense) based on discrete-valued target classification infor-

mation observables (attributes) is derived and its relationship with

the class probability vector is discussed. Based on this, “attribute

gates” are presented, which allow a Neyman-Pearson test for “same

class” with the desired power.
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1. INTRODUCTION

The problem of track-to-track association (T2TA)–
a prerequisite for the fusion of tracks–has been con-
sidered initially in the literature for tracks described by
kinematic states [1]. More recently, it has been gener-
alized to include additional (continuous valued) feature
and (discrete valued) attribute variables which pertain
to those tracks.1 These approaches allow the search for
the maximum likelihood (ML) or maximum a posteriori
(MAP) association.
It turns out that, under the Gaussian assumption on

the estimation errors–which applies to the kinematic
states and, possibly, the features–a simple sufficient
statistic exists for the track association hypothesis test-
ing and, consequently, it is easy to find the thresh-
old for the desired Neyman-Pearson test of “common
origin” (actually, “same kinematic state”) with a se-
lectable power. However, this does not apply for at-
tributes, which are discrete valued. In this paper the
sufficient statistic for the optimal association test in the
Neyman-Pearson sense is derived for discrete-valued
attribute/classification information and its relationship
with the class probability vector is discussed.
Feature-aided T2TA was presented in [19, 20, 8]. A

comprehensive procedure for incorporation of attributes
and their possible dependence on the features was pre-
sented in [23, 14, 15] and shown to be amenable to
obtain the MAP association of tracks from two sen-
sors using linear programming. A multiple model ap-
proach for feature aided tracking (FAT) was presented in
[22]. Classification-aided tracking with measurement-
to-track association via multidimensional assignment
(MDA) was discussed in [4]. However, while these ap-
proaches provide the ML or MAP association, they do
not provide the means to set up a statistical hypothesis
test with a desired power.
Target features and attributes/classification outputs

are in general useful for track-to-track association es-
pecially when targets are closely spaced and the as-
sociation based on the kinematic states only is unre-
liable. In some cases one deals with sensors that pro-
vide target attributes but the associated kinematic in-
formation is highly inaccurate. In such a case it is of
interest to provide association decisions based on the
attributes/classification information alone. This is the
major motivation for the present work.
The rest of the paper is organized as follows. Sec-

tion 2 discusses briefly the use of (continuous valued)
kinematic and feature variables for track-to-track for as-
sociation. The modeling and use of (discrete valued)
attribute/classification information for track-to-track as-
sociation is presented in Section 3. The modeling of the

1Examples of features are radar cross-section and target length. Ex-
amples of attributes are number of engines of an aircraft and type
of emitter/waveform. Target classes can be, e.g., fighter vs. bomber
or specific aircraft type. A detailed discussion of target features, at-
tributes and classification can be found in [9, 10, 11, 12, 13].
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classifier is discussed and the classification sufficient
statistic is derived under the assumption of a constant
“confusion matrix.” The sufficient statistic calculation
from the class probability vector is presented. To obtain
the Neyman-Pearson test for “common class,” the sta-
tistical characterization of the classification information
sufficient statistic is developed in Section 4. Track-to-
track association using all the information is discussed
in Section 5. This section also presents a suboptimal
test statistic for association based on classification infor-
mation, as well as the (optimal in the Neyman-Pearson
sense) likelihood ratio test and discusses the methodol-
ogy for the performance evaluation. Numerical exam-
ples of the use of the likelihood function and likelihood
ratio test are given in Section 6. Section 7 presents con-
clusions.

2. TRACK-TO-TRACK ASSOCIATION USING
KINEMATIC AND FEATURE STATES

The problem of track-to-track association (T2TA)
has been considered in the literature only for tracks de-
scribed by kinematic states. If tracks also include contin-
uous valued nonkinematic features which are estimated
together with the kinematic states, they should be con-
sidered as part of the state in the process of track-to-
track association. Once a decision on common origins
of the tracks (actually, “same state”) is made, the state
estimates of those tracks deemed to correspond to the
same target (have the same true state) can be fused to
yield a more accurate target state estimate.
Assuming that the estimates of these features are

obtained in a manner similar to the kinematic variables,
their errors can be taken as zero mean Gaussian ran-
dom variables. In this case, the association likelihood
function based on the augmented state, consisting of the
kinematic and feature components, can be expressed in
the standard form [1]. This holds for continuous val-
ued observations of both continuous as well as discrete
valued features (the latter was discussed and illustrated
in [13]). A special case is the target radar cross-section
(RCS), which is positive and a Gaussian model is not
appropriate. While a Swerling fluctuation model can be
easily used for measurement to track association [1],
for track-to-track association, there is no known suffi-
cient statistic in this case for the hypothesis test, like the
difference of state estimates when they have Gaussian
errors. While a possible approach could be to use the
difference of the RCS estimates (or their logarithms)
with an (approximate) Gaussian assumption, the true
RCS for different sensors is probably not the same due
to the different aspect angles, which would make its
use questionable. The situation of discrete valued ob-
servations, which is related to attributes/classifications,
is discussed in Section 3.
For a pair of tracks, one can accept the “same state”

hypothesisH1: Cij for track i from one sensor and track j
from another sensor if the normalized distance between

their (augmented) local state estimates x̂i and x̂j (at a
common time, not indicated in the above notation for
simplicity), which is chi-square distributed, is “not too
large.” Specifically, the squared norm

Dij = (x̂i¡ x̂j)0[Tij]¡1(x̂i¡ x̂j) (1)

has to be within the 1¡® probability region of the
chi-square distribution with nx degrees of freedom for
acceptance of the same state hypothesis, i.e.,

Dij · Â2(1¡®) (2)

where the notation from [3] has been used. In (1)

Tij = Pi+Pj ¡Pij ¡Pji (3)

is the covariance of the difference between the local
state estimation errors, which includes the local esti-
mation error covariances Pi, Pj and the crosscovariance
term Pij due to the common process noise [1]. Note that
for the feature part of the (augmented) state, which can
be assumed in general time invariant without process
noise, the crosscovariance of feature estimation errors
between two local trackers is zero. For a practical way
to obtain the crosscovariances for kinematic state com-
ponents, see [7]. The acceptance region for H1, defined
by (2), is called kinematic gate [1].
According to the above, Cij is rejected if there is

too much evidence against it–the difference between
the estimates is too large (relative to their accuracies,
quantified by the covariance matrices) to accept that
they are from the same true state. The hypothesis H1: Cij
is called in the literature “common origin,” but it is more
accurate to call it “same true kinematic state,” as (4)
indicates.
Due to the correlation in time of the track state

estimation errors [3], the test (1) is based on the track
estimates at a single (common) point in time. Typically,
since sensors (and the corresponding local estimators)
are not synchronized, one of the state estimates will be
a (short interval) prediction.
The test statistic (1), while commonly used in the

literature [1, 6] without proof of its validity, was proven
for the first time in [18]. This proof is briefly outlined
below, because it will be the basis of a similar approach
for the case of track association with classification
information to be presented in the next section.
The likelihood function of the same kinematic state

hypothesis C ij is the pdf of the track sufficient statis-
tics (the kinematic state estimates) conditioned on Cij ,
namely,

¤kin(Cij)
¢
=p(x̂i, x̂j j Cij) =

Z
V
p(x̂i, x̂j j x)p(x)dx (4)

where x is the true common state of the two tracks and
V is the region in which x takes values. The r.h.s. of (4)
follows from the total probability theorem.
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Assuming the joint pdf of the local state estimates
to be

p(x̂i, x̂j j x) =N
μ·
x̂i

x̂j

¸
;
·
x

x

¸
,
·
Pi Pij

Pji Pj

¸¶
(5)

and using a diffuse (noninformative) prior [3] within a
“sufficiently large” region V , with volume V,

p(x) = V¡1 (6)

the likelihood function (4) becomes [18]

¤kin(Cij) = V¡1N (x̂i¡ x̂j ;0,Tij): (7)

This shows the validity of using the test (2), which
is based on the likelihood function (7) and states the
following:
“Reject the same state (and thus the common origin)

hypothesis if the normalized distance is in the ®-tail of
its distribution.”
Note that the likelihood function (7) is a Gaussian

pdf with the simple sufficient statistic (1). The Gaussian
pdf makes it very easy to arrive at the test (2), which
excludes its tail. This is the main reason to assume the
estimation error of a continuous valued feature variable
to be Gaussian.

REMARK The sufficient statistic (1) follows from the
likelihood function of the “common origin” hypothesis.
Assuming for the alternative hypothesis H0: Ci 6=j (“dif-
ferent origin”) a uniform diffuse distribution [3] i.e., a
constant

¤kin(C i 6=j) = c (8)

yields the likelihood ratio for the Neyman-Pearson
test as (7) divided by the above constant c, which is
irrelevant–the likelihood function and likelihood ratio
tests are effectively the same (and have the same ROC
curve). Consequently, (1), which can be seen to be the
negative log-likelihood ratio, is optimal in the Neyman-
Pearson sense and the power of the test (2) is 1¡®.
The difference of the estimates, as in (7), will not be

an exact sufficient statistic for the situation of contin-
uous valued observations on a discrete valued feature.
Nevertheless, as shown in Section 5.2, one can use such
an approximate sufficient statistic effectively.
The generalization of (7) to an arbitrary number of

tracks can be found in [5]. This allows the association
of tracks from an arbitrary number of sensors based
on their local estimates, covariances and crosscovari-
ances.

3. TRACK-TO-TRACK ASSOCIATION USING
DISCRETE ATTRIBUTE/CLASSIFICATION
INFORMATION

This section deals with the modelling and use of
(discrete valued) attribute/classification information for
track-to-track association. The modelling of the classi-

fier is discussed and the classification sufficient statistic
is derived under the assumption of a constant “confusion
matrix.”
Consider the case where a track contains observa-

tions of discrete valued attributes from which one can
infer the target’s class. The following model will be as-
sumed for the target classes. It is assumed that there are
Nc classes of targets. Let the possible classes be

· 2 K = f1, : : : ,Ncg: (9)

The target class is assumed to be time invariant.
If two tracks belong to different classes, they ob-

viously cannot have a common origin. The converse,
however, is not true: if two tracks belong to the same
class, they do not necessarily originate from the same
target, unless the class is a unique identity. Thus, what
can be accomplished with class information is testing
whether two tracks belong to the same class, rather than
originating from the same target. This is similar to the
test based on kinematic state estimates where the test is,
rigorously speaking, “same kinematic state” rather than
“same origin.”

3.1. Modelling of the Classifier Output

Let ³ denote the output of the classifier. The clas-
sifier’s output is an attribute (an element of a discrete
set), which is related to the presumed class to which the
target under consideration belongs, as discussed below.
The output set can have, in general, a larger number of
elements than the set of target classes.2 Then

³ 2Ka = f1, : : : ,Nag ¶K (10)

and it is assumed that one has

cnm = Pf³ =m j ·= ng, n= 1, : : : ,Nc, m= 1, : : : ,Na

(11)

which are the elements of the “confusion matrix” (see,
e.g., [17])

C = [cnm]: (12)

Note that cnm is the likelihood (probability of the ob-
servable conditioned on the truth of interest, see, e.g.,
[3]) of the true class being n when the classifier out-
put (the observable) is ³ =m. Thus the class likelihood
function for classifier output m is the mth column of
the confusion matrix C. One can conceivably have the
likelihood functions depend on additional variables, like
target kinematic state (e.g., aspect angle, distance to tar-
get), lighting, etc.
In the sequel it is assumed that all elements in the

confusion matrix are constant and the same across dif-

2For example, one can have an “undetermined” class or a “class n1
or n2.” Following [13], we use the term attribute for the observable
from which a probabilistic inference can be made on the target class.
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ferent classifiers. These restrictions can be removed by
using a time argument and/or a classifier index, in which
case, for classifier i at time k one would have the like-
lihoods cinm(k). However, in this case there is no suffi-
cient statistic as in Section 3.3. Furthermore, it will be
assumed that the classifier outputs are, conditioned on
the truth, independent across time (it has “white” errors)
and independent of the kinematic and feature variables.
This is the counterpart of the white measurement noise
for the kinematic measurements.3

3.2. Update of the Classification Probabilities

Denote by ¹0n the prior probability of class n (prior to
the observation under consideration). The posterior (or
updated) probability of a target being in class n, given
that the classifier’s output is m, is

¹n = Pf·= n j ³ =mg=
cnm¹

0
nPNc

l=1 clm¹
0
l

: (13)

The corresponding class probability vector of the
target under consideration can be written as

¹=
cm−¹0
c0m¹0

(14)

where cm is the mth column of C, ¹0 is the prior
probability vector and − is the Schur-Hadamard product
(term by term) [16].
Similarly, for a track–a sequence of associated mea-

surements that includes classification information–the
updated class probability vector at time k, with classifier
output m, is given by

¹(k)
¢
=col[Pf·= n j ³(k) =m,³k¡1g] = cm−¹(k¡ 1)

c0m¹(k¡1)
(15)

where ³k¡1 denotes the cumulative classification infor-
mation at time k¡ 1 and

¹(0) = ¹0 (16)

is the prior before getting any classification informa-
tion.
It is worth mentioning that it is not via the proba-

bilities (14) that the observations are used in the update
(15), unless they are based on a uniform (i.e., nonin-
formative) prior [3]. The update (15) requires the latest
observation to enter via the likelihood function cm. If one
has only probabilities as in (14) with nonuniform priors,
one can use the update/fusion procedure from Sec. 8.5.2

3Just like the measurements are correlated because they observe
(nearly) the same state, the classifier outputs will be correlated be-
cause the observe the same true variable, the class of the same target.
However, the errors of the classifiers, like the errors of the sensor
providing the kinematic measurements, are assumed to be white.

of [1], which avoids the “double counting” of the prior
information.

3.3. The Sufficient Statistic for Classification

Denote the output of the classifier at time t as
m(t), t= 1, : : : ,k. The recursion (15) can be rewritten
as follows

¹(k) =
1
®
cm(k)− cm(k¡1)− ¢ ¢ ¢− cm(1)−¹0 (17)

where ® is the normalizing constant.
Note that, since the target class was assumed to be

time invariant, the actual times at which the classifier
outputs are generated are not relevant. Furthermore,
because of the commutativity of the Schur-Hadamard
product in (17), it can rewritten as follows

¹(k) =
1
®
c[º1]1 − c[º2]2 − ¢ ¢ ¢− c[ºNa ]Na

−¹0 (18)

where ºm is the number of times the output of the
classifier was m and c[ºm]m is cm raised to the power ºm
with the Schur-Hadamard product.
Since

c[ºm]m = [(c1m)
ºm (c2m)

ºm ¢ ¢ ¢ (cNcm)ºm]0, m= 1, : : : ,Na

(19)

the sufficient statistic for the classifier output can be
seen to be the number of times each output class was
generated, i.e., it is the vector

º = [º1, : : : ,ºNa]
0: (20)

The existence of the above sufficient statistic hinges on
the assumption that the confusion matrix is constant.
Otherwise it appears that there is no such sufficient
statistic.

3.4. Calculation of the Sufficient Statistic from the
Classification Probabilities

In practice it is more likely that the information
provided by the classifier will be the class probability
vector (18) rather than the sufficient statistic (20). In this
case we need to recover the vector º from the vector ¹.
Note that both º and ¹ consist of Na elements but the
elements of ¹ sum up to unity after normalization by ®,
which is not known. The elements of º sum up to N,
the number of times the classifier provided an output
i.e.,

NaX
m=1

ºm =N: (21)

It is assumed that N and ¹0 are known. This allows the
substitution

º1 =N ¡
NaX
m=2

ºm (22)
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in (18), which can be written for component n as (the
time index is omitted)

¹n =
¹0n
®

NaY
m=1

(cnm)
ºm =

¹0n(cn1)
N

®

NaY
m=2

μ
cnm
cn1

¶ºm
,

n= 1, : : : ,Nc: (23)

The above is a set of Nc equations in the unknowns
consisting of ºm, m= 2, : : : ,Na, and ®.
Taking the log of equations (23), one obtains a set

of Nc linear equations in the Na unknowns ºm, m=
2, : : : ,Na, and log®. If Na =Nc, this set has a unique
solution, allowing us to obtain ºm, m= 2, : : : ,Na (note
that ®, while part of the solution, is of no interest); º1
follows from (22). This provides the complete solution
in this case for the classification sufficient statistics ºm,
m= 1, : : : ,Na. As it will be shown later, this vector º (and
not ¹) will be needed for the test whether two tracks
belong to the same class. If Na > Nc, then in general
one cannot find the classification sufficient statistics ºm,
m= 1, : : : ,Na uniquely by solving the above equations
because there are not enough equations. In this case,
if one has only the classification probabilities, then the
likelihood function of the same class hypothesis cannot
be fully specified. If Nc > Na, then one can use a subset
of Na equations from (23) to obtain the likelihoods.

4. THE SAME CLASS LIKELIHOOD FUNCTION
FROM CLASSIFICATION INFORMATION

This section presents the probability mass function
(pmf) of the classifier’s sufficient statistic, which is the
basis of the Neyman-Pearson test.
The pmf, denoted as P[¢], of the cumulative (local)

classifier information using the sufficient statistic for
the (local) track i is, for a total number of Ni classifier
outputs, if the true class is n, given by the multinomial
distribution [21]

P[ºi j ·i = n] = P[ºi1, : : : ,ºiNa j ·i = n] =Ni!
NaY
m=1

c
ºim
nm

ºim!

(24)

where the total number of classifier outputs is

NaX
m=1

ºim =N
i: (25)

For simplicity, we assume that the local classifiers
have the same confusion matrix C which is known
at the fusion center. Furthermore, the outputs of the
two classifiers are assumed, conditioned on the truth,
independent.4 Then the likelihood of the “same class”

4This is the counterpart of assuming independent measurement noises
at different sensors.

hypothesis H1: Cij can be written as follows

¤class(Cij)
¢
=P[ºi,ºj j Cij] =

NcX
n=1

P[ºi,ºj j ·i = ·j = n]¹0n

=
NcX
n=1

P[ºi j ·i = n]P[ºj j ·j = n]¹0n

=
NcX
n=1

Ni!Nj!

"
NaY
m=1

c
ºim+º

j
m

nm

ºim!º
j
m!

#
¹0n (26)

where ·i and ·j are the true classes of tracks i and j,
respectively. Note that while in (4) the total probability
theorem was used with the diffuse (or improper) prior
(6) to yield (7), in (26) the proper (and not necessarily
uniform) prior ¹0 was used (since · takes values in a
finite set). In (26) it is assumed that the classification
errors are independent across time and sensors.
Using the same approach as in the case of the

continuous valued states, we propose, based on the class
information, to reject the common origin hypothesis if
there is too much evidence against it: if the likelihood
(26) is in the tail of its distribution.
We are faced with two problems here:

1) There is no simple sufficient statistic similar
to the normalized distance in the continuous/Gaussian
case. The difference of the two vectors ºi and ºj is not
the exact sufficient statistic for the hypothesis test. Nev-
ertheless, a suboptimal method based on this is explored
in the next section and evaluated later.
2) While there is an expression for the likelihood

function pmf, to find its “tail,” an exhaustive evaluation
of all its point masses is needed: these point masses
have to be ordered and the “tail” identified.

An alternative approach would be to use a Monte
Carlo method to determine whether a particular pair ºi,
ºj is in the tail of the distribution. To evaluate a 5%
tail probability with 2¾ = 1%, one needs 2000 runs (of
Ni+Nj classifications), which is not too excessive.
In the examples presented later, the exhaustive evalu-

ation of the likelihood function pmf is carried out, since
it is not too expensive computationally. The number of
points at which (26) has to be evaluated is obtained
below.
The number of points (different outcomes) for the

pmf (24) is

M(Na,N
i)

= (Na)
Ni ¡

X
k1,:::,kNa2f0,1,:::,Nig
k1+¢¢¢+kNa=Ni

μ
(Ni)!

k1! ¢ ¢ ¢kNa!
¡ 1
¶
:

(27)

The above result follows from Eq. (1.18) in Ch. 2
of [21]. Namely, it is the number of elements in the
expansion of a multinomial of Na elements raised to
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the power Ni: it is (Na)
Ni less the number of outcomes

which are equivalent because the order does not matter.
The latter is given, for a certain outcome, by the corre-
sponding multinomial coefficient less one because for
each outcome we remove only the duplicates.
The number of points at which (26) has to be

evaluated is then

M(Na,N
i,Nj) =M(Na,N

i)M(Na,N
j): (28)

5. TRACK-TO-TRACK ASSOCIATION TESTING USING
ALL THE INFORMATION

This section proposes a procedure to test for com-
mon origin by decoupling the continuous variables from
the discrete ones. Then the details of a simpler subop-
timal test as well as the optimal (likelihood ratio) test
using the discrete attribute variables are presented.

5.1. Test using the Likelihood Function of H1

It seems reasonable to accept that tracks i and j are
from the same target if

1) Their continuous valued state (kinematic and fea-
ture) estimates are “close enough” to accept that their
kinenatic/feature stats are the same–they satisfy (2),
and
2) Their classification does not present strong evi-

dence that they cannot be the same, i.e., ¤class(Cij), given
in (26), falls into the 1¡® probability concentration re-
gion under H1. In this case the “same class” hypothesis
H1 is accepted.

This sequence of tests assumes implicitly that the clas-
sification errors are independent of the kinematic and
feature variables. While one can write a joint likelihood
if there is a dependence [23], a joint test does not seem
to be available at this point due to the mixed nature
(continuous-discrete) of the likelihood function and the
ensuing lack of a joint sufficient statistic.

5.2. Test using the Difference of Local Classification
Sufficient Statistics

To reduce the complexity of the likelihood function
given in (26) and thus simplify the computation of
the probability region (the “attribute gate”), we also
consider using the difference of the local classification
sufficient statistics in the hypothesis test. The results are
particularly useful for the “same class” test involving
only two targets.
As a preliminary, consider the difference

z = x¡ y (29)

of two discrete-valued random variables

x 2 f0, : : : ,nxg y 2 f0, : : : ,nyg (30)

which yields
z 2 f¡ny, : : : ,nxg: (31)

Then

Pfz = ng=
nxX
k=n

Pfx= kgPfy = k¡ ng: (32)

Let the difference of the local classification sufficient
statistics given in (20), now superscripted by the sensor
index, be

±ij = [±ij1 , : : : ,±
ij
Na
] = [ºi1¡ ºj1, : : : ,ºiNa ¡ ºjNa] (33)

which yields

±ijk 2 f¡Nj , : : : ,Nig, k = 1, : : : ,Na: (34)

The pmf5 of the above vector is, based on (32), given
by

P[±ij j ·= n] =
NiX

k1=±
ij

1

¢ ¢ ¢
NiX

kNa=±
ij
Na

Pfºi1 = k1, : : : ,ºiNa = kNa j ·= ng

£ Pfºj1 = k1¡ ±ij1 , : : : ,ºiNa = kNa ¡ ±
ij
Na
j ·= ng

(35)

where the probabilities in the Na-fold summation above
are given in (24).

5.3. Test using the Likelihood Ratio of H1 vs. H0

There is an alternative approach to use the classi-
fication information: rely on the likelihood ratio of the
two hypotheses, rather than only the likelihood function
of H1. This is done as follows.
The hypothesis H0: Ci 6=j that the two targets are

different, i.e., belong to different classes, is composite
and can be written with the total probability theorem as
follows

¤class(Ci 6=j)
¢
=P[ºi,ºj j Ci 6=j]

=
NcX
n=1

NcX
l=1,l 6=n

P[ºi,ºj j ·i = n 6= ·j = l]¹0n¹0l

=
NcX
n=1

NcX
l=1,l 6=n

Ni!Nj!

"
NaY
m=1

c
ºim
nmc

ºjm
lm

ºim!º
j
m!

#
¹0n¹

0
l :

(36)

The test statistic (based on the classification information
only) is then the ratio of (26) to (36) i.e.,

¸class(C ij : Ci 6=j) =
¤class(Cij)
¤class(Ci 6=j)

(37)

5Denoted as P[¢], while Pf¢g denotes the probability of an event.
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Fig. 1. The probability mass function of the local classifier sufficient statistics (º11 ,º
2
1 ) under the same class hypothesis (likelihood function

of H1).

and the acceptance region for H1 is obtained by finding
the 1¡® probability concentration region for this ratio
under H1.
For the kinematic and feature variables, typically,

the alternate hypothesis is usually modeled by a diffuse
pdf [3], i.e., it amounts to a constant that rescales the
likelihood function into the likelihood ratio. Thus they
are effectively the same test. Consequently, we shall
focus on the tests based on classification variables.

5.4. Performance Evaluation of the Tests

To find the probability of false alarm (acceptance of
H1 when H0 is true) for the likelihood function based
test, one has to evaluate numerically the probability
mass of (26) under H0 in the acceptance region for H1.
For the likelihood ratio based test, one has to evalu-

ate the probability mass of the likelihood ratio test statis-
tic (37) under H0 in the acceptance region for H1. These
are illustrated in the next section.

6. NUMERICAL EXAMPLES

Assume that each target belongs to one of Nc = 2
classes and each classifier output provides target at-
tribute (taken here as its class, i.e., Na = 2) with the ac-
curacy given by the following time invariant confusion
matrix

C =
·
0:9 0:1

0:2 0:8

¸
: (38)

Based on the sufficient statistics from two local clas-
sifiers, we want to test whether the two targets belong
to the same class (hypothesis H1) vs. different classes
(hypothesis H0). Note that the common origin hypoth-

esis will be rejected if according to the hypothesis test
it is very implausible. Assume that the target has equal
prior probability of belonging to each of the two classes
and the total number of outputs for each local classifier
is Ni = 20, the pmf of the sufficient statistic under the
“same class” hypothesis is shown in Figure 1 for differ-
ent ºi1, i= 1,2.

6

We can see the two peaks at (18,18) and (4,4) corre-
sponding to the two possible classes of the truth. In gen-
eral the pmf will have Na (number of attributes) peaks
due to the uncertainty about the truth. The decision re-
gion based on the likelihood function (26) to allow 5%
missed detection of H1 is shown in Figure 2. This fol-
lows from the ®= 5% tail probability mass of the pmf
plotted in Figure 1. Unlike in the Gaussian case (for
continuous valued states), the “same class” test (which
is for discrete states), in general, yields an irregular de-
cision region. This is the attribute gate, defined in the
ºi1, i= 1,2 space. In this example we have only two pos-
sible combinations for the evaluation of (36) when the
two targets belong to two different classes, so one can
evaluate the likelihood function of H0 relatively easily.
The pmf of º21 ¡ º11 is shown (as a bar plot) in the

top part of Figure 3. It is symmetric around zero, as ex-
pected. The (moment matched) normal probability plot
(cdf–cumulative distribution function) in the bottom
part of Figure 3 indicates that the difference of the local
classification statistics (whose cdf is the shown stair-
case function) can be well approximated by a Gaussian
distribution. By numerical calculation we found that the
decision region (attribute gate for the above difference)

6In view of (25) and the fact that there are only two classes, ºi1 is a
sufficient statistic for classifier i.
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Fig. 2. Decision regions (attribute gate in the (º11 ,º
2
1 ) space) based on the likelihood function of H1 with 5% probability of incorrectly

rejecting it.

Fig. 3. The probability mass function of the approximate local classifier sufficient statistic (º21 ¡ º11 ) and the corresponding
moment-matched normal probability distribution under the “same class” hypothesis (likelihood function of H1). The 95% attribute gate for

this difference is [¡4,4].

to allow 5% missed detection of H1 is [¡4,4]. This is
much simpler than the class gate given in Figure 2.
The log-likelihood ratio surface of the same class

(H1) vs. the different classes hypothesis (H0)–the ratio
(28)–is shown in Figure 4. The prior for the classes is
taken here as uniform. The decision region based on the
likelihood ratio (28) to allow ®= 5% missed detection
of H1 is shown in Figure 5.

Comparison of the various tests
By numerically evaluating the pmf of the likelihood

ratio statistic (37) under H0 in the acceptance region
for H1, we find the false alarm probability (acceptance

of H1 when H0 is true) as 8:1£ 10¡8. Compared with
the decision region shown in Figure 2, which yields a
false alarm probability of 1:9£10¡7, the likelihood ratio
test has only a marginal performance gain in this case.
Interestingly, the decision region based on the difference
of the local classification statistics yields a false alarm
probability of 9:1£ 10¡5, which is higher than both of
the above, but still quite small.

7. SUMMARY AND CONCLUSIONS

The likelihood function and likelihood ratio based
tests for track-to-track association using classification
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Fig. 4. The surface of the log-likelihood ratio between the same class (H1) and different classes (H0) vs. the local classifier sufficient
statistics (º11 ,º

2
1 ). Note the two peaks, one for (º

1
1 ,º

2
1 ) both large, one for both small.

Fig. 5. Decision region for the likelihood ratio test with 5% probability of incorrectly rejecting H1. This is the 95% attribute gate in the
(º11 ,º

2
1 ) space.

information have been derived and the means for eval-
uating their performance have been presented and illus-
trated. The sufficient statistic for the optimal association
test in the Neyman-Pearson sense was obtained and its
relationship with the class probability vector was dis-
cussed. The likelihood ratio test does not appear to have
significant advantage over the test based on the likeli-
hood function. The simplest test, based on the difference
of the local sufficient statistics–similar to the test for
continuous valued state estimates–yields a false alarm
probability which is higher than for both of the above

tests, but still quite small. The generalization to different
and possibly time varying confusion matrices is a topic
for future investigation.
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